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AND GENERALIZED TAKAGI FUNCTION 



VSEVOLOD F. LEV 

Abstract. Let 67 be a finite abelian group of exponent m > 2. For subsets A,SC 
G, denote by d$ (A) the number of edges from A to its complement G \ A in the 
directed Cayley graph, induced by S on G. We show that if S generates G, and A 
is non-empty, then 

ds(A)>^\A\ln$- r 

Here the coefficient e = 2.718 ... is best possible and cannot be replaced with a 
number larger than e. 

For homocyclic groups G of exponent m, we find an explicit closed-form expres- 
sion for ds (A) in the case where S is the "standard" generating subset of G, and 
A is an initial segment of G with respect to the lexicographic order, induced by S. 
Namely, we show that in this situation 

d s (A) = \G\u m (\A\/\G\), 

where u>2 is the Takagi function, and ui m for m > 3 is an appropriate generalization 
thereof. This particular case is of special interest, since for m £ {2, 3, 4} it is known 
to yield the smallest possible value of ds{A), over all sets ACGof given size. We 
give this classical result a new proof, somewhat different from the standard one. 
We also give a new, short proof of the Boros-Pales inequality 

U2 (Z±y) < "2(x)+^(y) + l|^_ 4 

establish an extremal characterization of the Takagi function as the (pointwise) 
maximal function, satisfying this inequality and the boundary condition max{w2(0), 
^2(1)} < 0, and obtain similar results for the 3-adic analog W3 of the Takagi function. 



I. INTRODUCTION: SUMMARY OF RESULTS AND BACKGROUND 

The three tightly related objects of study in this paper are the edge-isoperimetric 
problem on Cayley graphs, a sequence of Takagi-style functions, and classes of func- 
tions satisfying a certain kind of convexity condition. 

The edge-isoperimetric problem for a graph V on the vertex set V is to find, for 
every non-negative integer n < \V\, the smallest possible number of edges between 



2010 Mathematics Subject Classification. Primary: 05C35; secondary: 26A30, 26A51, 26B25, 
39B62. 

Key words and phrases. Edge-isoperimetric problem, edge-isoperimetric inequalities, Takagi func- 
tion, convexity. 

1 



2 



VSEVOLOD F. LEV 



an n-element set of vertices and its complement in V. This classical problem has 
received much attention in the literature; for the history, results, variations, and 
numerous related problems, the reader can refer to the survey of Bezrukov [B96j or 
the monograph of Harper |H04j . 

In the present paper we are concerned with, arguably, the most studied case where 
T is a Cayley graph. We use the following notation. Given two subsets S, A C G of 
a finite abelian group G, by Ts(G) we denote the (directed) Cayley graph, induced 
by S on G, and we write ds(A) for the number of edges in Ts{G) from an element of 
A to an element in its complement G\A; that is, 

d s (A) := \{{a,s) eAxS:a + s(£ A}\. 

It is easily seen that if S is symmetric (meaning that S = —S, where — S := 
{—s: s G S}), then ds(A) can be equivalently defined as the number of edges of the 
corresponding undirected Cayley graph, with one of the incident vertices in A and 
another one in G \ A. As a less trivial fact, we have 

d.s(A) = ds(G\A) = ds(A); 

consequently, if S is anti-symmetric (that is, S fl (— S) = 0), then ds(A) is half the 
number of edges, joining a vertex from A with a vertex from G\A, in the undirected 
Cayley graph, induced on G by the set SU (— S). We omit detailed explanations since 
none of these observations are used below. 

Up until now, all the research we are aware of has focused on particular families of 
Cayley graphs. In contrast, our first principal result addresses the general situation. 

Theorem 1. Let m > 2 be an integer, and suppose that G is a finite abelian group, 
the exponent of which divides m. Then for any non-empty subset A C G and any 
generating subset S C G we have 

d s (A)>-\A\\n 1 -^ 
m \A\ 

(where e = 2.718... is Euler's number). 

The estimate of Theorem [T] is sharp in the sense that the coefficient e cannot be 
replaced with a larger number. 

Example 1. For integer r > 1 and m > 2, let G be the homocyclic group of exponent 
m and rank r. Fix arbitrarily a generating subset S = {s\, . . . , s r } C G and integer 
k G [1, r] and t G [1, m — 1), and consider the set 

A := {xiSi + • • • + x r s r : < Xi, . . . , Xfc < t — 1, < x^+i, . . . ,x r < m — 1}. 
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Write a := t/m. Then \A\ = t k m r ~ k , ln(|G|/|A|) = Hn(l/a), and 

d s (A) = kt k ~ l m r ~ k = ^ \A\ In j^, 

m \A\ 

where c{a) = ^{j^ can be made arbitrarily close to e by choosing t and m appro- 
priately. 

The proof of Theorem [TJ and most of other results, presented in the Introduction, 
is postponed to subsequent sections. 

Below we use the standard notation C r m for the homocyclic group of exponent m 
and rank r. In the case where m G {2,3,4}, and S C C r m is a generating set of 
size \S\ = r, the minimum of ds (A) over all sets A of prescribed size is known to be 
realized when A is the set of the lexicographically smallest group elements; this basic 
fact due to Harper [H64] (the case m G {2,4}) and Lindsey [Li64] (the case m = 3) 
follows also from our present results, as explained below. To put the things formally, 
for a finite, totally ordered set T and a non-negative integer n < \T\, denote by T n (T) 
the length-n initial segment of T; that is, the set of the n smallest elements of T. 
Consider the group C r m along with a fixed generating subset S C C r m of size \S\ = r. 
We assume that S is totally ordered, inducing a lexicographic order on C r m \ thus, 
I n (C^) is the set of the n lexicographically smallest elements of C r m . As we have just 
mentioned, if m G {2,3,4}, then 

mm{d s {A) :ACC r m , \A\ = n} = d s {X n (C r J), 0<n<m r . (1) 

Surprisingly, to our knowledge, no explicit closed-form expression for the quantity 
ds(I n (Cm)) has ever been obtained. We show that such an expression can be given 
in terms of the Takagi function for m = 2, and an appropriate m-adic version thereof 
for m > 3. 

For real x, let \\x\\ denote the distance from x to the nearest integer. The Takagi 
function, first introduced by Teiji Takagi in 1903 as an example of an everywhere 
continuous but nowhere differentiable function, is defined by 

oo 

u(x) := ^V fc ||2 fc a;||. 

k=0 

Numerous remarkable properties of this function, applications, and relations in vari- 
ous fields of mathematics can be found in the recent survey papers by Lagarias |La] 
and Allaart-Kawamura |AKj . For the generalization we need, for real x and a let 
\\x\\ a := min{||x||,«} (the distance from x to the nearest integer, truncated at a), 
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and set 

oo 

u m (x) :=^2m~ k \\m k x\\ 1/m , m>2. (2) 

k=0 

(Thus, Co>2 is just the regular Takagi function.) Since the series in (J2J) is uniformly 
convergent, the functions u m are well-defined and continuous on the whole real line. 
Furthermore, they are even functions, periodic with period 1, vanishing at integers, 
strictly positive for non- integer values of the argument, and satisfying 

max u m < V m- (k+ V = . (3) 

/ — ' m — 1 

fc=0 

The reader is invited to compare our second major result against ([1]). 

Theorem 2. For integer r > 1 and m > 2, let S be an r-element generating subset 
of the homocyclic group C r m . Suppose that an ordering of S is fixed, inducing a 
lexicographic ordering of C r m . Then for any non-negative integer n < m r , the set 
I n (C^) of the n lexicographically smallest elements of C T m satisfies 

d s {T n {.C r m )) = m r u m (n/m r ). 

We remark that for m G {2,3,4}, Theorem [2] together with ([I]) and continuity of 
u m readily shows that for any fixed x G (0, 1), if n r — (1 + o{l))m r x as r — )■ oo, then 

mm{d s (A) : A C C T m) \A\ = n r } = (1 + o{\)) m r uj m (x). 

The particular case m = 2 and n r = [2 r x\ is the main result of [G00J. 

In the Appendix we establish some estimates for the growth rate of the functions 
u m : specifically, we show that 

x\og 2 (l/x) <u 2 {x) < a;log 2 (4/3x), (4) 

x\og z (l/x) <u 3 (x) < xlog 3 (3/2a;), (5) 

xlog 4 (l/x) <cj 4 (x) < x log 4 (4/3x), (6) 

and for m > 5, 

x\og m (e/mx) <u m (x) < x log m (3/2x), (7) 

for any x G (0, 1]. We notice that estimates (SJ) — (EI) are sharp: the lower bound in 
(@J and Q is attained for x = 2~ k and the upper bound for x = 2 1 ~ k /3, the lower 
bound in ([5]) is attained for x = 3~ 1_fc and the upper bound for x = 3~ k /2, for any 
integer k > 0. In contrast, the estimate (JTj) is not sharp; it is provided, essentially, as 
a "proof of concept" and can easily be improved. However, as x — > 0, the lower and 
upper bounds in (J71) coincide up to lower-order terms, and it may well be impossible 
to obtain both sharp and explicit bounds of this sort for m > 5. 
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The graphs of the functions ui 2 ,U3, and 0J5, along with the functions representing 
the corresponding lower and upper bounds, are shown in Figure 1. 




/4 1/2 3/4 1 





15 2/5 3/5 4/5 



Figure 1. The graphs of the functions u 2 (Takagi function), cu 3 , and W5. 



The reason for omitting the graph of W4 is that this function turns out to be 
identical, up to a constant factor, to the Takagi function; namely, we have 

Ui = ^u 2 . (8) 

To prove this somewhat surprising relation, it suffices to show that for any real x and 
integer k > we have 



2- 2k \\2 2k x\\ + 2~ 2k ~ 1 \\2 2k+1 x\ 



2-A- k U k x\ 



1/4- 



Indeed, letting z := 2 2h x and multiplying by 2 2k+l , we can rewrite this equality as 

2\\z\\ + \\2z\\ = 411^111/4, 

and this is readily verified by restricting z to the range < z < 1 /2 and considering 
separately the cases z < 1/4 and z > 1/4. 

It was conjectured by Pales [P04] and proved by Boros |B08] that the Takagi 
function satisfies 



^'2 I — ^ J- 2 2 ~ X2 ^ Xl > X2E 



(9) 



Combining this inequality with a result of Hazy and Pales [HP05, Theorem 4], one 
immediately derives the following stronger version: 

u 2 (Xxi + (1 - X)x 2 ) < Xu 2 (xi) + (1 - X)cu 2 (x 2 ) + oj 2 (X)\xi - x 2 \, 

x h x 2 g E, A e [0,1]. (10) 

We give short proofs to ([9]) and ( flOj) . which seem to be genuinely different from the 
original proofs, and establish the 3-adic analogs. 
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Theorem 3. We have 

f xt + x 2 + x 3 \ uj 3 (xi) + u 3 (x 2 ) + uj 3 (x 3 ) 1 
W3 { 3 J' 3 + 3(^3-^) 

for any real X\ < x 2 < x 3 . 
Theorem 4. We have 

w 3 (Axi + (1 - A)x 2 ) < Xu 3 (xi) + (1 - X)cu 3 (x 2 ) + uj 3 (X) \x 2 - xi\ 
for any real X\, x 2 , and A G [0, 1] . 

The importance of Boros-Pales inequality (Q and Theorem [3] for our present pur- 
poses, and the way they are applied in this paper, will be explained shortly. Inequality 
(TlO|) and Theorem H] are derived as particular cases of a more general result, presented 
below (Theorem [8]). 

Back to Theorem [1], we actually prove a more versatile and precise result, with the 
improvement being particularly significant for small values of m. To state it we bring 
into consideration the classes of functions, defined as follows. For integer m > 2, let 
T m consist of all real- valued functions /, defined on the interval [0, 1], satisfying the 
boundary condition 

max{/(0),/(l)}<0, (11) 
and such that for any x\, . . . , x m G [0, 1] with min^ Xi = X\ and maxj X{ = x m , we have 

/ ( + + M < f{Xl) + • • • + f{Xm) + (x m - Xl ). (12) 
\ m J m 

Condition ( fl2|) can be understood as a "relaxed convexity" and in fact, any convex 
function satisfying the boundary condition (fTTj) is contained in every class *F m . 

We notice that if l,m > 2 are integers with I | m, then J-" m C J 7 ;: for, given a 
function / G T m and a system of / numbers in [0, 1], we can "blow up" this system 
to get a system of m numbers (where every original number is repeated m/l times) 
and apply then ( Tr2l to this new system to obtain the analogue of ( |T2l) for the original 
/ numbers. For / = 2 and m = 4 the inverse inclusion holds, too, so that we have 
J-4 = T 2 \ to prove this, fix / G T 2 and X\, x 2 , X3, 24 G [0, 1] with x\ < x 2 < x 3 < X4, 
and observe that then 

/ xi +x 2 + x 3 + xA < 1 / / xi +x 2 \ + (x 3 + x 4 



2 V \ 2 J "V 2 

x 3 + £4 Xi + x 2 
+ 2 2 

< ^ (/(Xl) + f{x 2 ) + f(x 3 ) + f( X4 )) + (X 4 - Xl), 



whence / G J-4. 
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It is not difficult to see, however, that, say, the class T% is distinct from each 
of the classes Ti and J-3, and the class is distinct from the class J> Indeed, 
a straightforward numerical verification confirms that the functions F2 G T2 arid 
F3 & J-3, introduced below in this section, satisfy F 2 ^ J-q, F 3 F e , and F 2 £ J-%. 

We notice that Boros-Pales inequality fl9]) can be interpreted as 2uj2 G J~2, and 
Theorem [3] gives 3u 3 G J-3. (In fact, it is the restrictions of the functions 2a>2 and 3cj3 
onto the interval [0, 1] that belong to the classes Ti and J-3, respectively. However, 
this little abuse of notation does not lead to any confusion.) 

Theorem 5. Let m > 2 be an integer. Suppose that f G J- m , and G is a finite 
abelian group, the exponent of which divides m. Then for any subset A C G and any 
generating subset S CG we have 

d s (A)>-\G\f(\A\/\G\). 
m 

Theorem [1] is an immediate consequence of Theorem [5] and 

Proposition 1. Let f(x) = exln(l/x) for x G (0, 1], and /(0) = 0. Then f G J- m 
for any integer m > 2. 

To use Theorem [5] more efficiently, we must choose the function / in an optimal 
way for every particular value of m. Our next result shows that for each m > 2, there 
is a "universal" choice which does not depend on the density |A|/|G|. 

Theorem 6. For any m > 2 there is a (unique) function F m G Tm such that for any 
other function f G T m and any x G [0, 1] we have F m (x) > f(x). The function F m is 
continuous on [0, 1], strictly positive on (0, 1), and satisfies F m (0) = F m (l) = and 
F m (x) = F m (l-x) for xe [0,1]. 

From now on we adopt F m as a standard notation for the functions of Theorem [6j 
We were able to find the functions F m explicitly for m G {2,3,4}, and estimate 
them for m > 5. Determining F m for m > 5 seems to be a non-trivial and challenging 
problem; we have done some work towards the case m = 5, and the results may 
appear elsewhere. 

Theorem 7. For any m > 2 we have F m < mu m , with equality if and only if 
m G {2,3,4}. 

The case m G {2, 3, 4} of Theorem [7] will be derived from (jUJ), Theorem [31 and (jSJ). 
As remarked above, ([1]) follows from the results of the present paper; indeed, the 
reader can now see that it is an immediate corollary of Theorems [2} [5j and [3 

Combining Theorems [5] and [7] and estimates (J4j) — (J6j) we obtain the following result. 
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Corollary 1. If G is a finite abelian group of exponent m G {2,3,4} ; then for any 
non-empty subset A C G and generating subset S C G we have 



We remark that in the case m = 2, the resulting estimate ds(A) > \A\ \og 2 (\G\/\A\) 
is well-known, the first appearance in the literature we are aware of being |CFG S88, 
Lemma 4.1]. 

Theorem [7J can be considerably improved for large values of m. 

Proposition 2. For any integer m > 2 and real x G (0, 1] we have 

F m {x) < ex\n(e/x). 

m — 1 

For the lower bound, we notice that Proposition CD yields 

F m (x) > exln(l/x), 

for each m > 2 and x G (0, 1]. 

We deduce Proposition |2] from the following result which, in view of Theorem [TJ 
generalizes ( FlUj) and Theorem HI 

Theorem 8. Let m > 2 be an integer. Then for any function f G J-" m and any 

X, x, y G [0, 1] with x < y we have 



Moreover, if f is a function, defined on the whole real line and satisfying (fT2l) for 
any real x%, . . . ,x m with mhij Xi = x\ and maxj Xi = x m , then ( TL3l) holds for any real 
x < y and A G [0, 1]. 

The rest of the paper, devoted to the proof of the results discussed above, is parti- 
tioned into three sections and appendix. In Section [2] we study the generalized Tak- 
agi functions, proving Boros-Pales inequality Q and its 3-adic analog, Theorem [3j 
and establishing an important lemma used in both proofs and also in the proofs of 
Theorems [2] and [71 Section [3] deals with the isoperimetric problem: we prove here 
Theorems [2] and El In Section H] we investigate the classes T m and the functions F m , 
and prove Propositions [H and [2, and Theorems [61 [7J and As remarked above, 
Theorem [1] is an immediate consequence of Theorem [5] and Proposition (H while ( flO]) 
and Theorem H] (in view of Theorem [7J) are particular cases of Theorem El hence no 
additional proofs are needed. In the Appendix we prove estimates (J4j) ([T]) . 



d s (A)>\G\co m (\A\/\G\)>\A\lo & 



G\ 
~A\' 



f(\x + (1 - X)y) < Xf(x) + (1 - X)f(y) + (y - x)F m (X). 



(13) 
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2. The generalized Takagi functions: proofs of 
the boros-pales inequality and theorem [3] 

The following lemma, used in the proofs of the Boros-Pales inequality and Theo- 
rems and El is known in the case m = 2; see [HY 83J or [AK\ Theorem 5.1]. 

Lemma 1. Let m > 2 be an integer. Then for any integer r > 1 and n, the latter of 
which is not divisible by m, writing n = tm + p with integer t and p6 [1, m — 1], we 
have 




Proof. We want to prove that 
Vm~ fc (\\m k - r n\\ 1/m - (l - -) ||m fe+1 -^|| 1/m - ^ \\m k+1 - r (t + l)|| 1/m ) = — . 

k=0 

We notice that all the summands in the left-hand side, corresponding to k > r, vanish, 
while the summand, corresponding to k — r — 1, contributes m~^ r-1 ^(l/m) = m~ T to 
the sum. Consequently, to complete the proof it suffices to show that 

m\\m k - r n\\ 1/m = {m - p)\\m k+1 ~ r t\\ 1/m + p \\m k+1 ~ r {t + l)\\ 1/m , k G [0,r-2]. 

To this end we prove that the interval (m k+1 ~ r t, m k+1 ~ r (t + l)) (of which m k ~ r n is an 
internal point) does not contain any number of the form N + e/m with integer N and 
e G {0, ±1}, and therefore ||x||i/ m is a linear function of x on this interval. Indeed, if 
we had 

m k+i-r t < N + e/m< m k+1 -' r {t + 1), 

then, multiplying by m r-fe_1 , we would get t < Nm r ~ k ~ l + erri r ~ k ~ 2 < t + 1, which 
cannot hold since the midterm is an integer. □ 

For the rest of this section, for integer n and m > 2 we let 




if m divides n, 

1 if m does not divide n. 



We record the following immediate corollary of Lemma [H 
Corollary 2. For any integer r > 1 and n, we have 

where [-J o^c^ [■] denote the floor and the ceiling functions, respectively. 
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Proof of Boros- Pales inequality (jHJ). Since U2 is a continuous function, it suffices to 
show that 



Lu'2 



x + y 



1 fx 



1 ( V 
+ 2^ (2^ 



+ 



\x-y\, 



for any integer x,y, and r > 1. We use induction on r. The case r = 1 is immediate 
since u 2 (x) = ^(y) = and u 2 ((x + y)/2) is equal to or 1 depending on whether x 
and y are of the same or of distinct parity. Thus, we assume that r > 2. Moreover, 
we assume that x is odd; clearly, this does not restrict the generality. 

Applying Corollary [2] with n = x + y and using the induction hypothesis, we get 



U) 2 



x + y 



1 A(* + y)/2J\ 1 A(^ + ! /)/2n 1 

2 V 2 r ~ 1 / 2 V 2 J 2r 



v) 



- W2 
2 



(a;-l)/2 + L(y + l)/2j 



< 



UJ 2 



x 



)r— 1 



)r-l 



+ 002 



- OJ2 

2 



(x + l)/2+[(y-l)/2l 



)r— 1 



+ ^^(x + y) 



x + 1 



+ 



1 



^'2 



2 r-l 

2 L(y + l)/2] \ 

2 r-l y 



+ UJ 2 



2r(y-i)/2l \ 
2 r-i y 



y + 1 


x — 1 


1 

+ 


[y-i] 


X+ 1 


2 


2 


2 


2 



+ — <5 2 (x + y). 



We now notice that, by Corollary [21 



1 
2 



CJ 2 



a; 



2 r 



r-1 



and 



2 |W2 



2 L(Z/ + 1)/2J 



>r-l 



W 2 



+ W 2 



>r-l 



W 2 



>r— 1 



)r-l 



2 f(y - i)/2l 



>r-l 



CJ 2 



)r— 1 



* a (y) 



>r— 1 



as it follows easily by considering separately the cases of even and odd y. Conse- 
quently, 



Lu'2 



x + y 



1 fx 
^2 U2 (2^ 



1 ( y 

+ 2 U2 v2^ 



L(5 2 (x + y)-S 2 (y)-l) 



1 

+ 



y — x + 2 



y — x — 2 



To complete the proof we observe that 8 2 (x + y) — S 2 (y) — 1 < 0, and that if x =fi y 
(in which case the assertion is trivial), then |_(y — x + 2)/2j and |~(y — x — 2)/2] are 
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of the same sign, whence 

\[{y-x + 2)/2j \ + \\(y-x- 2)/2] | = | [(y - x + 2)/2j + \{y - x - 2)/2] | 

= IL(v-*)/2J + r(y-*)/2ll 

= \y- x\. 

□ 

To prove Theorem [3] we need yet another corollary of Lemma [TJ 

Corollary 3. Let r > 1 and n be integers. If '£„ G { — 1,0, 1} and ( n G {—2,0,2} are 
defined by n = ^ n = ( n (mod 3), then 

/n\ 2 fn-£ n \ 1 fn-( n \ 5 3 (n) 



,3V 3 V 3r / 3 
Observe that, with £ n and ( n defined as in Corollary [31 we have 

2£ n + Cn = 0. (14) 

Proof of Theorem^ By continuity of u^, it suffices to show that 

'x + y + z\ 1 / x \ 1 / y \ 1 / z \ 1 

^ " 3 W3 1 3^ J + 3 U3 \W=I J + 3 U3 \¥^J + 3^ {Z ~ X) ' 



for any integer r > 1 and x < y < z. 
For integer r > and n, let 

r 

T r (n):=^3 fc ||3- fc n|| 1/3 . 
fc=i 

Thus, T (n) = 0, Ti(n) = Ss(n), T r (—n) = T r (n), and T r (3n) = 3T r _i(n); these 
simple observations may be used below without special references. Furthermore, 

r-l 

3 ^3 (|r) = ^3^ fe ||3 fc -^|| 1/3 = T P (n); 

° fc=0 

therefore, keeping the notation of Corollary [3J we can re- write its conclusion as 

2 1 

T r (n) = - T r (n - £ n ) + -T r (n - Cn) + S 3 {n), (15) 

and the estimate we have to prove as 

T r [x + y + z) < r r _ x (x) + r r _!(j/) + T r _i(z) + (z - x). (16) 

To establish ffTB"]) we use induction on r. For r = 1 the assertion is easy to verify in 
view of To = and T\(x + y + z) = £3(2; + y + z) , and we assume that r > 2. We 
also assume that x is strictly smaller than z; for if x = y = z, then ( fl6l) is immediate 
from T r (3x) = 3T r _i(x). 
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If x, y, and z are all divisible by 3, then the assertion follows easily from the 
induction hypothesis. Otherwise, changing (simultaneously) the signs of x, y, and z, 
if necessary, we can assume that one of the following holds: 

(i) x = y = z = 1 (mod 3); 

(ii) two of the numbers x, y, and z are congruent to 1 modulo 3, and the third is 
divisible by 3; 

(iii) the numbers x, y, and z are pairwise incongruent modulo 3; 

(iv) two of the numbers x, y, and z are divisible by 3, and the third is congruent 
to 1 modulo 3; 

(v) two of the numbers x, y, and z are congruent to 1 modulo 3, and the third is 
congruent to 2 modulo 3. 

We consider these five cases separately. 



Case (i): x = y = z = 1 (mod 3). In this case, using the induction hypothesis we 
get 

, m fx -I y-l z+2 
T r (x + y + z) = 3T r __i — 1 1 — 



< 3T r _ 2 [^-1) + 3T r _ 2 ( H-l) + 3 T r _ 2 ( 2 



3 

+ (z - x + 3) 

= T r _i(x - 1) + T r ^(y - 1) + T r _i(z + 2) + (z - x + 3). (17) 

Similarly, 

T r (x + y + z)< T r ^(x - 1) + T r _i(y + 2) + T r ^{z - 1) + (z - x) (18) 

and 



T r (x + y + z)< T r _x(x + 2) + T r _ x {y - 1) + T r _x(^ - 1) + (z - x - 3), (19) 

except that we must add 3 to the right-hand side of (ITS]) if y — z, and to the right-hand 
side of (Tr9~|) if a; = y. Averaging flTTT ) fTTTJ]) and taking into account the observation 
just made and the fact that if n = 1 (mod 3), then 

- T r ^(n - 1) + 3 T r _!(n + 2) = T r ^(n) - 1 



(as it follows from (IT5]) ). we get (IT6j) . 
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Case (ii): two of x,y, and z are congruent to 1 modulo 3, and the third is 
divisible by 3. Denote by w the element of the set {x,y, z} which is divisible by 3, 
and let u be the smallest, and v the largest of the two other elements. By (115]) . we 
have 

2 1 

T r (x + y + z) = ~T r (x + y + z + 1) + ~T r (x + y + z - 2) + 1 
o o 

m / u + v + w + 1\ m fu + v + w — 2\ , . 

= 2T r _! + T r _x + 1. (20) 



By the induction hypothesis 



3 

2 — x + 3 



^ T r _i(iz - 1) + 1 T r _x(i; + 2) + i T r _i(iw) 



+ "~ X + 3 (21) 



and similarly, 



/u + v + w + l\ l m . . l m . , l m , , 
T r -i ( j < -T r _ 1 (u + 2) + -T r _ 1 (v-l) + -T r _ 1 (w) 



+ Z X + 3 . (22) 



Also, 



< T r _ 2 ( ^— - ) + r r _ 2 f ^— - ] + T r _ 2 f ^ 



3 

2 — x + 1 

111 

= - T r _x{u - 1) + ~T r _ x (v - 1) + -T r _x(w) 

z — X + 1 . , 

+ ^^. (23) 

In fact, we need a slight refinement of fl2T]) - fl2"3~]) which can be obtained by distin- 
guishing the subcases where w = x (meaning that it is the smallest of the numbers 
x,y,z that is divisible by 3), w = y (the middle one is divisible by 3) and w = z 
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(the largest one is divisible by 3). The reader will check it easily that in the first 
case (w = x), both last summands in the right-hand sides of fl2T]) and fl22|) can be 
replaced with (z — x + 2)/3, and the last summand in the right-hand side of ( 123]) can 
be replaced with [z — x — l)/3. Similarly in the second case [w = y), we can replace 
the last summands in the right-hand sides of both ( 122]) and (|23|) with (z — x)/3, and in 
the third case (w = z), both last summands in the right-hand sides of (|2T1) and (122]) 
can be replaced with (z — x + l)/3. In any case, the sum of the three summands does 
not exceed z — x + 1. Taking this into account, adding up (121]) -(|23l). and substituting 
the result into ff20l) . we get 

T r (x + y + z)<(^ T r ^{u - 1) + i T^u + 2] 

+ r r _ x (i; - 1) + ~ T r _x(t; + 2)^ + T^w) + (z-x) + 2. 
The result now follows from f 1 1 5 p . 

Case (iii): x,y, and z are pairwise incongruent modulo 3. Using the induction 
hypothesis and the fact that £ x + £ y + £ z = ( x + ( y + ( z = we obtain in this case 



T r (x + y + 2) = 3T r _x — - ^ + ^— ^ + 



3 3 3 

+ (z-x-£ z + Q 
= T r _!(x - + T r _i(y - f„) + T r _i(z - £,) 

+ -& + &,). (24) 

Similarly, 

T r (:r + y + z) < T r _i(z - CxO + r r _i(y - (J + T r _i(> - ( z ) 

+ (z-x-C 2 + C. + 6), (25) 

for max{x-( x ,y-( y , z-( z } < z-( z +3 and min{x-( x , y-£ y , z-( z } > x-( x -3. The 
assertion follows by averaging (124]) and fl25|) with the weights 2/3 and 1/3, respectively, 
using ffl5l) . and noticing that 

- S 3 {x) - 5 3 {y) - 6 3 {z) + 1 + Q + I (-G + C* + 6) 

= i (Cx + 26,) - ~ «, + 26) = 0. 
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Case (iv): two of x,y, and z are divisible by 3, and the third is congruent 
to 1 modulo 3. By (115)) . we have 



,'x + v + z — 1\ _ f x + y + z + 2\ 
T T {x + y + z) = 2T r _x ( y — ) + T r _! ( y — ) + 1. (26) 

By the induction hypothesis, 

x + y + z-l\ m fx-£ x , y-£y , 



T r -i —„ = T r _x -— ^ + + 



3 3 3 



3 y v 3 

^ "I - £2 



+ 



3 

1 1 1 

-T r _i(x-^) + -T r -x\3l - i v ) + ^T r -i(z-Q 

+ - - X - ^ 2 + ^ (27) 



and 



x + y + z + 2\ m f x - ( x , y - ( y , z - ( z 



3 3 3 



3 J V 3 

2^ 2* Cz Cx 



+ 



3 

- T^-iO - Cb) + g T r _i(j/ - C y ) + g r r _i(z - Q 

^ 2* "i - 



The result follows from (j2E])- (l2gj) . (ITS]) , and 



(2* 



Case (v): two of x,y, and £ are congruent to 1 modulo 3, and the third 
is congruent to 2 modulo 3. In this case (126]) remain valid, while ( 127]) is to be 
replaced with 

T r ^ ( X + V * Z ~ i y ) < l T r ^(x - C) + 1 T r ^(y -Q + l T r -i(z - Q 

z-x-j z + j x + 2 
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and (BED with 



T r -i ( x + V + z + 2 ^j < lT r _ 1 ( x _Q + lT r _ 1 (y-( y ) + ~T r _ 1 (z-( z ) 

z-x-( z + ( x + 4 
3 

The proof can now be completed as in Case (iv). □ 



3. The isoperimetric problem: proofs of Theorems [2] and [5] 

Proof of Theorem^ We assume that m is fixed and use induction on r, for each r 
proving the equality 

d s {X n {C r m )) = m r uj m (n/m r ) 

for all n G [0, m r ]. The case r = 1 is easy in view of w m (0) = uj m {l) = and since 
u m {n/m) — 1/m for n = 1, . . . , m — 1; suppose, therefore, that r > 2. 

Let so be the smallest element of S. Denote by H the subgroup of C r m , generated 
by the set S := S \ {s }, and for brevity, write A := Z n (C£j. For i = 0, . . . , m — 1, 
let Ai := A fl (is + H) and rii = \Ai\. Notice, that if n = tm + p with integer t > 
and p G [1 , m] , then 

no = • • • = = t + 1 and n p — ■ ■ ■ — n m _i = t. (29) 

We have 

d s (A) = d So (A ) H h d So (A m ^i) + (n - n m _i), 

the first m summands counting those pairs (a, s) with a G A and s £ ^ such that 
a+s A, and the last summand counting pairs (a, So) with a G A such that a+so ^ A. 
By the induction hypothesis, as applied to the subsets Ai — iso of the group H with 
the generating subset So, we have then 

d s (A) = m r ~ 1 bj m ( ) H h m r-1 u; m ( j- ) + (n - « TO _i). 

\m' 1 / \m' i / 

Now if m divides n, then no = • ■ ■ = n m _i = n/m and the assertion follows imme- 
diately. If, on the other hand, m does not divide n, then in view of ( 129]) and by 
Lemma HJ the right-hand side is equal to 

r f pu m ((t + lVrn^ 1 ) + (m - p) ^(fK- 1 ) n r 

m 1 = m u m (n/m ), 

\ m m r J 

completing the proof. □ 
To prove Theorem [5] we need the following simple lemma. 
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Lemma 2. For any integer m > 2 and real x\, . . . , x m , we have 

\%2 - X\\ + \x3 - x 2 \ H h \x m — x m -i\ + \xi - x m \ > 2 ^maxi, - mmx^j . 

Proof. Assume, without loss of generality, that X\ is the smallest of the numbers 
Xi, . . . ,x m , and let j G [l,m] be so chosen that Xj is the largest of these numbers. 
Then, by the triangle inequality, 

= |x 2 - Xi| + \x 3 - X 2 \ H h |Xj - 

> |a;j — xi| + |a;i — Xj\ = 2(xj — x%). 

□ 

For further references, we record the following observation: if m > 2 and / G J- m , 
then, choosing in (112j) some of the numbers equal to 0, and the rest equal to 1, in 
view of the boundary condition ffTTl) we get 

f(n/m) < 1; n = 1, . . . , m — 1. (30) 

Proof of Theorem^ We fix m and use induction on \G\: assuming that the assertion 
is true for any abelian group, the order of which is smaller than \G\ (and the exponent 
of which divides m), we show that it is true for the group G. 

Without loss of generality, we assume that S is a minimal (under inclusion) gener- 
ating subset of G. Fix an element s G S and write S := S\ {s }. If So = 0, then G 
is cyclic of exponent \G\, whence \G\ divides m and therefore / G F\g\\ consequently, 
< 1 by (130]) and the assertion follows. Assuming now that S ^ 0, let 
H be the subgroup of G, generated by So; thus, H is proper and non-trivial. Let 
I := [G : H}. Observe, that the exponent of the quotient group G/H, and hence 
also its order I, are divisors of m, and that G/H is cyclic, generated by So + H. For 
i = 1, . . . ,1 set Xi := \An (is + H)\/\H\. 

Fix i G [1, 1]. By the induction hypothesis (as applied to the subset (A — is ) PI H 
of the group H with the generating subset So), the number of edges of Ts(G) from 
an element of (iso + H) fl A to an element of (iso + H) \ A is at least — \H\f(xi). 
Furthermore, the number of edges from (is + H) fl A to ((i + l)s + -H") \ A is at least 

max{|(is + H)nA\- + l)s + H) H A|,0} 

= |if | max{xi - 0} = ]- \H\ {\x, t - x m | + x { - x i+1 ) 
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(where Xi + \ is to be replaced with x\ for i = I). It follows that 

d s (A)>-\H\(f(x 1 ) + --- + f(x l )) 
m 

+ - \H\(\xi - x 2 | H h \xi-i - xi\ + \xi - Xi\). (31) 

Choose i,j G [1,/] so that x, is the smallest, and Xj is the largest of the numbers 
X\ , . . . , x\ . By Lemma [2] and (13T1) we have then 

d{A) i |G| /(»,) + ■•• + /(»■) + m _ } 

>i| G | pO + -- + /M +fe _ x , 

Recalling that / G J-" m implies / G J 7 / in view of / | m, we get 

d s {A)>-\G\f (r " 



m \ I 

= -\G\f{\A\/\G\\ 
m 

as wanted. □ 

4. The classes T m : proofs of Propositions [U and [2], 
and Theorems M> [3, and M 

Our proof of Proposition [1] is based on the following lemma (which the reader is 
recommended to compare with Theorem [8]). 

Lemma 3. Suppose that f is a real-valued function, defined and concave on the 
interval [0,1]. If the estimate 

f(\ Xl + (1 - \)x 2 ) < A/On) + (1 - X)f(x 2 ) + (x 2 - Xl ) (32) 

holds for all X,Xi,x 2 G [0,1] with x\ < x 2 , then for any integer m > 2 we have 
f G 7 m . 

Proof. We fix integer m > 2 and real Xi,...,x m G [0,1] with minjXj = x\ and 
maxj xi = x m , and, assuming (1321 . show that (fT2!) holds true. For z = 1, . . . , m define 
Aj G [0, 1] by Xj = AjXi + (1 — Aj)x m and let A := (Ai + • • • + A m )/m, so that 

/(a:*) > Ai/(x x ) + (1 - A<)/(x m ) 
by concavity and, consequently, 

• /V ' S - /Vm) > A/(xx) + (1 - A)/(x m ). (33) 
m 
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On the other hand, we have 



/ ( Xl + "' + Xm ) = f(Xx 1 + (1 - X)x m ) 



m 

< \f( Xl ) + (1 - X)f(x m ) + (x m - xi) (34) 
by f )32|) . and the result follows by comparing (133]) and (]3"4"|). □ 

Proof of Proposition^ Since / is concave on [0,1], by Lemma [3] it suffices to prove 
( 1321) . The case A G {0, 1} is trivial, and we assume below that < A < 1. Denote by 
Aa(xi,X2) the difference of the left-hand side and the right-hand side of fl32|) . Since 
the second partial derivative of A> (2:1,2:2) with respect to £2 is 

A(l - \)exx ^ n 

the largest value of A A (xi, x 2 ) for any fixed A and X\ is attained either for x 2 = X\, or 
for X2 — 1; consequently, we can confine to these two cases. Indeed, ( 1321) holds true 
in a trivial way for £2 — x±, and we therefore assume that x^ — 1; thus, it remains to 
prove that 

A A (x 1; 1) = /(Azi + 1 - A) - Xf[x x ) - 1 + X! < 0, x x G [0, 1]. 

To this end we just observe that the second derivative of A A (xi, 1) with respect to Xi 
is 

A(l-A)e , s 

(Ax7+ 1 - A)», > °' Il€(0 ' 1) ' 
and that A A (0, 1) = /(l - A) - 1 < and A A (1, 1) = 0. □ 

We now turn to the proof of Theorem [6j 

Lemma 4. For every integer m > 2, all functions from the class J^m are continuous 
on (0, 1). 

Proof. We fix an integer m > 2, a function / G T m , and a number xq G (0,1), 
and show that / is continuous at Xq. Let / := min{liminf x ^ :ro f(x), f{xo)} and 
L := maxjrimsup^^ f(x), f(x )}. It suffices to prove that / > L. For this, choose 
two sequences and {(k}kL\ with all terms in (0,1), converging to xo, and 

satisfying /(£&) — >■ / and f((k) L. In addition, we request m( k — (m — l)^ fc G (0, 1) 
to hold for any integer k > 1; in view of m(k — {m — 1)^ — > xo, this can be arranged 
simply by dropping a finite number of terms from each sequence. By f|T2|) we have 
then 

< (m - l)/fe) + /K - (m - 1)6) + o(1) 
— m 
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as k — > oo, and it remains to observe that the left-hand side is L + o(l), while the 
right-hand side is at most ((m — 1)/ + L)/m + o(l). □ 



fa{x) 



We remark that the functions from the classes J-" m are not necessarily continuous 
at the endpoints of the interval [0, 1]. Indeed, for any / G JF m and a > 0, letting 

'fix), if x e {0,1}, 

f{x) - a if x G (0, 1), 

we have f a G J- m , and either / or f a is discontinuous at and 1. However, a 
slight modification of the proof of Lemma H] shows that the potential discontinuities 
of a function / G at the endpoints of [0, 1] are removable; that is, the limits 
lim x _ > o+ f( x ) an d lim^i- f(x) exist and are finite. 

The following corollary follows readily from Theorem [7J and the estimate ((3]) . How- 
ever, since we have not proved Theorem [7] yet, we use here an independent argument. 

Corollary 4. For any integer m > 2 and any function f G T m , we have sup / < 
m/(m — 1). 

Proof. By Lemma HI it suffices to show that f(n/m r ) < m/(m — 1) holds for all 
integer r > and n G [0,m r ]. Indeed, using induction on r, we prove the slightly 
stronger estimate 

f{n/m r ) < 1 + l/m H + l/m 1 " 1 . 

For r = this reduces to the boundary condition ( II ip . Assuming that r > 1 and n 
is not divisible by m, write n = tm + p with integer t and p G [1, m — 1]. Then 

n {m- p^t/rrf- 1 ) +p{(t + l)/m r_1 ) 
so that by ( IT2l) and the induction hypothesis, 

t+l\ 1 



^(i- £ )/f4r) + £ / 
<ri_^U 1 + l + ... + 1 



m r_1 / m r_1 



ms \ m m r 2 

+ ^ ! + _ + ... + _. + 



m \ m m r 2 / m r 1 



m m r 1 



□ 



Proof of Theorem 0. With Corollary |4] in mind, we set 

F m (x) := sup{/(x) : / G J™}, x G [0, 1]. 
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In view of Proposition (TJ we have F m (0) > 0, F m (l) > 0, and F m (x) > for x G (0, 1); 
indeed, F m (0) = F m (l) = by ([II]). We now show that 

F m G J~ m] (35) 

this will immediately imply continuity of F m on (0, 1) (by Lemma H]) and show that 
F m (x) = F m (l — x) (since if / belongs to T m , then so does the function x h-> f(l — x)). 

To prove (1351) we notice that, given e > and sci, . . . ,x m G [0, 1] with mhij X{ = x\ 
and maxj X{ = x m , we can find / G J 7 ™ such that 

%i H h \ , , /^l H h i m \ 



m I \ m 
and then, by (p}, 

i^m < h [x m -xi)+e 

\ m J m 

< h [Xm -xx) +e. 

m 

Taking the limits as e — > gives 

Xx ~\~ ■ ■ ■ ~\~ X m \ F m yXi) -\- • • • -\- F m yX rn ) , . 

< h [x m - aci), 

m J m 

whence F m G J-" m . 

To complete the proof it remains to show that F m is continuous at the endpoints of 
the interval [0, 1]. As remarked above, a slight modification of the proof of Lemma H] 
shows, in view of (1551) . that the limits lim x _ >0 + F m (x) and lim^i. F m (x) exist and 
are finite. Moreover, from F m (x) = F m (l — x) it follows that these limits are equal to 
the same number L, and we want to show that L = 0. Since F m is positive on (0, 1), 
we have L > 0. To show, on the other hand, that L < 0, we observe that if {£k}kLx is 
a sequence satisfying £ fc — > and G (0, 1/ra] for any > 1, then, by (j55|) and (1T2|) . 

t + «KD = < ('" - M + +0 (i) = lt + (i) 

m m 
as A; —t- oo. □ 

Proof of Theorem Considering x < y fixed, let 

/«,»(A) := — (/(Ax + (1 - %) - - (1 - A)/(y)). 

Fix arbitrarily Ai,...,A m G [0,1] with min^ A; = Ai and maxj Aj = A m , and write 
Xi := AjX + (1 — Xi)y; i G [l,J7i]. Notice that mirnxj = x m and maxjXj = x\, and if 



22 



VSEVOLOD F. LEV 



x,y G [0, 1], then also G [0,1]. Hence, by (112]). 

'Ai + --- + A„' 



,(',.y 



= / ^ 1 + """ + Xm ) - 1 £ + (1 - A,)/(y)) 

V m I m L — ' 

- m 

E fx,y(\) + {V ~ X)(\ m - Ai). 



This shows that G J-" m . Consequently, f x , y W < -Pm(A) by the extremal property 
of the function F m (cf. Theorem [6]) and the assertion follows. □ 

Proof of Theorem^ By continuity of the functions u m and F m (see Theorem [6]), to 
show that F m < mu m it suffices to prove that for any integer r > and n G [0,m r ], 
we have F m (n/m r ) < mu m (n/m r ). We use induction on r, and for each r prove the 
assertion for all n G [0,m r ]. 

The case r = is immediate from F m (0) = = mw m (0) and F m (l) = = mu m (l). 
For r > 1 we assume, without loss of generality, that n is not divisible by m, and 
write n = mt + p with integer t and p G [l,m — 1]. From F m G J-" m , the induction 
hypothesis, and Lemma [1] we have then 

Fm(n/m } " m + ^ 

n 



m' L I ' \ rri' ~ x J m r ~ l 



'.TO' 



as wanted. 

Next, we prove that _F m = mu m for m G {2,3,4}. The case m = 2 follows from 
the estimate F 2 < 2cu 2 which we have just obtained and Boros-Pales inequality (jHJ), 
showing that 2co> 2 G T 2 and, therefore, F 2 > 2u 2 . Similarly, the case m = 3 follows 
from F 3 < 3^3 and Theorem [3] showing that 3^3 G J 7 . For the case m = 4 we notice 
that, in view of J-4 = J-" 2 and (jSJ), 



F 4 = F 2 = 2u 2 = 4w 4 . 
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It remains to show that F m mu m for m > 5. To this end we observe that in this 
case 4/m 2 < 1/m < 4/m < 1 — 1/m, whence 

mw m (4/m 2 ) = m||4/m 2 || 1/m + ||4/m||i /m = 5/m, 

whereas, by (1301), (fl2|l, and F m (0) = 0, 

4 \ < (m-2)F m (0) + 2F m (2/m) | 2 < £ 

□ 



m 2 / m mm 



In connection with Theorem [7] we remark that the estimate F m < mu m and the 
inequality F m ^ mu m for m > 5 also follow from Theorems [2] and El the latter of 
them applied with / = F m , and the well-known and easy-to- verify fact that the sets 
A = Z n (C^J do not minimize the quantity ds(A) for m > 5. This is yet another 
indication of the intrinsic relation between the discrete isoperimetric problem and the 
functions u m and F m . 

Finally, we prove Proposition [2j 

Proof of Proposition Suppose that / is a real- valued function, defined on the in- 
terval [0, 1] and satisfying the boundary condition ( JTT1) and the inequality (|32l) for all 
A, X\,X2 G [0,1] with X\ < %2- For real £ G [0,1] and integer k > 1, applying (1521) 
with xi = 0, x 2 = and A = 1 — £, we obtain 

/(£ fe ) = /(Axj + (1 - X)x 2 ) < (1 - A)/(x 2 ) + x 2 = ^ + e/^ 1 ); 
iterating, 

/(efc) < 2 ^_! + ^ /( ^-2) < . . < ^-i. (36) 

For x G (0, 1), we use the resulting estimate with k := |~ln(l/x)] and £ := x 1 ^ to get 

f(x) < (1 + ln(l/x)) x ■ x~ 1/k < ex\n{e/x). 

To complete the proof it remains to observe that, by Corollary HI we have F m < 
m/{m — 1), and therefore Theorem [8] shows that the function / = (1 — m~ 1 )F m 
satisfies (E2). □ 

Appendix: proof of inequalities (EJ) ■ 

We prove here inequalities (|3j), and (jTj); inequality © is immediate from (jlj) 
and (jHJ). The proofs use the identities 

u m {x) = \\x\\ 1/m + — ||mx|| 1/m H h -^-r \\m k x\\ l/m H J— w m (m fc+1 x) (37) 

and 

w m (n ±x) = co m (x), (38) 
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valid for any integer m > 2, k > 0, and n, and any choice of the sign. 

Proof of the inequality (jlj). As an immediate corollary of ( 1371) . for each x G [0, 1/2] 
we have uj 2 {x) = x + ^u 2 (2x). On the other hand, for any fixed C > 0, the 
function /c(aO := x\og 2 (C/x) satisfies the very same functional equation: fc{x) = 
% + \ fc(2x). Hence, 

f c (x) - u 2 (x) = l - (f c (2x) - u 2 (2x)) , x G (0, 1/2], 

showing that it suffices to prove the estimates in question in the range x G [1/2, 1]. 
To establish the lower bound we now observe that 



, v i i 1 „ I 1/2 if 1/2 < x < 3/4 

.*<«)> Ni+ 5 im= u_ 2x if 3 ; 4 < x </ 



1 

) 



and using some basic calculus, one verifies easily that the function in the right-hand 
side is at least as large as xlog 2 (l/a;) for all x G [1/2, 1]. 

Turning to the upper bound, we notice that the function ^4/3 is decreasing on the 
interval [1/2, 00), and that the largest value attained by the Takagi function is known 
to be maxa;2 = 2/3 (see [Laj or |AK] ) . As a result, 

u 2 (x) < 2/3 = / 4/3 (2/3) < / 4/3 (x), x G [1/2,2/3], 

and it remains to prove the upper bound in the case x G (2/3, 1]. To this end, for 
integer r > we let 

11 1 
br : ~ 1 ~ 4 _ 42 4F' 

and use induction on r to show that u 2 (x) < f^{x) for all x G [b r+ i,b r ]. If r = 0, 
then x G [3/4, 1]; in this range we have 

1 1 1 

u 2 (x) = \\x\\ + - \\2x\\ + - \\Ax\\ + -cu 2 (8x) 

1 11 

< (1 - x) + - (2 - 2x) + - Ux\ + — 
- v ) 2 v ) 4 11 11 12 

25 1 „ „ 

= I ^-2x+ i ||4x||, 

and a simple verification confirms that the expression in the right-hand side is smaller 
than fi/3(x) for x G [3/4, 1]. Finally, assuming x G [b r+ i,b r ] with r > 1, we observe 
that this implies 4x — 2 G [6 n & r _i]; hence, using (138]) . the induction hypothesis, and 
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the fact that x G [b r+ i,b r ] C (2/3,3/4], we get 

u 2 (x) = \\x\\ + ^ ||2x|| + - w 2 (4x - 2) 

11 4 

< (1 - x) + - (2x - 1) + - (Ax - 2) log 2 



2 v ' 4 v 7 toi 3(4x - 2) 



1 + ( X ~ ) lo S2 



2 V 2/ 3 ( 4a; - 2 ) 
4 

< ^log 2 — , 
3x 

the last inequality following by observing that both sides are equal at x = 2/3 and 
comparing the derivatives. This completes the proof. □ 

Proof of the inequality flSj). Similarly to the proof of writing fc (x) := x log 3 (C/x), 
for every x G (0, 1/3] we have ^(x) = x + |tu 3 (3x) and also /c(x) = x + | /c(3x). 
Hence, 

/o(x) - w 3 (a:) = ~ (/ c (3ar) - w 3 (3x)) , x G (0, 1/3], 

showing that we can assume x G [1/3, 1]. 
Observing that if x G [1/3,4/9], then 

wsfa) > II ^ II 1/3 + ^ ||3a:||i/3 = - + ^ (3x - 1) = x > xlog 3 (l/x), 
and if x G [4/9, 1], then 

w 3 (a:) > ||ar||i/ 3 > xlog 3 (l/x) 

(straightforward verification is left to the reader), we get the lower bound. 

For the upper bound, we can further restrict the range to consider from [1/3, 1] 
to [1/3, 1/2]: for once the estimate is established in this narrower range, it readily 
extends onto the interval [1/2, 2/3] in view of 

u 3 (x) = w 3 (l - x), f 3/2 (x) < / 3/2 (l -x), < x < 1/2, 

and onto the interval [2/3, 1] since for any x in this interval, by (|37|) and (1381) we have 

(2-x\ 11.. 

whence (assuming the upper bound is proved in [1/3, 1/2]) 

u> 3 (x) = 3u 3 (j^-j ~ 1 < (2 - x) log 3 ^ - 1 < xlog 3 x G [2/3, 1]. 

(For the last inequality observe that both sides are equal for x = 1, and compare the 
derivatives) . 
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Thus, it remains to prove the upper bound for x G [1/3,1/2]. To this end, for 
integer r > 1 we let 

,11 

b r := - H 1 , 

3 3 r 

and use induction on r to show that uj 3 (x) < fs/zix) f° r & U x G [6 r ,6 r+ i]. If r = 1, 
then x G [1/3,4/9]; in view of (j3]), in this range we have 

w 3 (x) = ||x||i /3 + - ||3x||i /3 + - ||9x||i/ 3 + ^w 3 (27x) 

< - + - (3x - 1) + - min i -, 4 - 9a; 1 + — 
~3 3 V ; 9 \3' J 54 

1 25' 

18' 54 

and a simple verification confirms that the expression in the right-hand side is smaller 
than fs/2{x) for x G [1/3,4/9]. Assuming now that r > 2, we observe that x G 
[b r ,b r+ i] implies 3x — 1 G [6 r _x,6 r ]; hence, by the induction hypothesis, for all x in 
this range we have 

u 3 (x) = \\x\\ 1/3 + ^w 3 (3x - 1) 



min x + — , — 



3 3 v ' ° d 2(3a; - 1) 
- Xl ° g3 2|- 

(For the last inequality compare the values of both sides at 1/2 and their derivatives 
for 1/3 < x < 1/2). This completes the proof. □ 

Proof of the inequality ©. As in the proofs of (T4|) and (jSJ), we can confine to the 
range x G [1/m, 1] where the upper bound readily follows from ([3]): 

uJ m {x) < — — - < xlog m (3/2x), x G [1/m, 1]. 

771—1 

(Notice that the right-hand side is a concave function, hence attains its minimum 
at an endpoint.) For the lower bound we observe that the function x\og m (e/mx) is 
decreasing for x > 1/m, whence 

Vm{ x ) — — — x \°g m ( e / mx ) , x ^ [l/ m 5 1 — 1/m] 

and 

Wm{ x ) > > x\og m (e/mx), x G [1 — 1/m, 1]. 

□ 
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